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ABSTRACT 
In order to access the severity of degradation in a water tree 
affected cable, it is necessary to obtain a physical 
representation of the insulation.  This is especially the case 
when trying to determine the risk of failure of the cable, or the 
remaining life, which is dependant on the length of the longest 
water tree in the insulation.  Generally, there has not been a 
large effort found in published materials regarding the 
modelling of polarisation in water tree affected insulation.  In 
fact, in the cases where modelling has been attempted, the 
extended Debye model is often used. However, as will be 
discussed in this paper, the Debye model and its electrical 
circuit equivalent has limited physical relevancy in its standard 
uses.  An alternative polarisation model  is the Universal 
Relaxation Law (URL).  This paper will attempt to construct a 
starting point whereby a direct physical-based polarisation 
model can proceed from.  This  approach will invoke the URL to 
interpret polarisation mechanisms seen in frequency domain 
measurements on new and field aged cables, and it will also 
involve the use of a distributed Debye type model, with a 
physical link, to describe non-interacting, ionic “dipoles” 
which are likely to be active in water tree structures.   
1. INTRODUCTION 
Water tree degradation in medium voltage XLPE insulated 
underground cables is a growing problem.  Water trees can be 
described as a series of water filled micro-voids, which may 
have interconnecting channels [1, 2].  These tree structures 
reduce the electrical strength of the insulation, and the electrical 
strength appears to be inversely proportional to the maximum 
water tree length [3].  Because water tree degradation is a 
progressive and terminal “disease” for underground XLPE 
cables, it is necessary for utilities to be able to access the extent 
of degradation of their supply cables.  This will allow 
replacement or refurbishment schemes to be devised.  To 
determine the risk of failure that is imposed on a cable due to 
water tree degradation, which is known to be related to the 
length of the longest water tree, it is necessary to develop a 
comprehensive physical picture of the degraded insulation 
through non-destructive diagnostic techniques.   
Frequency domain spectroscopy (FDS) is the measurement of 
the loss tangent (tand) and the real and imaginary parts of the 
complex capacitance over a frequency range of 1 mHz to 1 
kHz.  FDS was performed on some new cable samples, along 
with some field aged cable samples, which were taken from a 
water tree degraded section of a network. In this paper, FDS 
measurement results from these samples will be used to 
describe some of the physical characteristics of water tree 
degraded insulation.  Two polarisation interpretation/modelling 
schemes will be discussed; the Debye model and the Universal 
Relaxation Law (URL).  This paper will aim to combine the 
physically realistic URL with a physically linked Debye model 
in order to construct the first stage of a model for a water tree 
degraded cable.  
2. THEORY 
2.1 THE DEBYE MODEL  
The Debye model is a type of ideal dielectric response.  It 
assumes that polarisable molecules in a dielectric act 
independently of each other, and that each polarisable molecule 
will have an independent relaxation timet .  The frequency 
domain response of these Debye molecules will equal, in terms 
of the real and imaginary parts of the permittivity: 
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The above expressions are called the Debye Equation [4].  
These quantities plotted against frequency are shown in Figure 
1 below, from [5] 
  
Figure 1: The Debye response in terms of permittivity 
Depending on where the polar molecule is situated in the 
material, it is assumed that different regions or clusters of 
molecules will have differing relaxation times.  This leads to a 
distributive effect of the permittivity with frequency and in 
effect, allows nearly any dielectric response to be modelled in a 
distributive fashion.  However, the physical grounding of such 
distributions is questionable [6].  This distributive Debye 
concept can be modelled electrically with the extended Debye 
model shown in Figure  2.   
 Figure 2: Extended Debye model 
Where Rg and Cg are the steady state resistivity and the 
geometric capacitance, respectively.   The parallel RC circuits 
are the polarisation branches and their associated time 
constants,   = Ri Ci, are to represent the distributed time 
constants mentioned above.  However, there is no physical link 
between such resistances and capacitances with the modeled 
dielectric; in fact, the values of these components are quite 
arbitrary, as long as their product gives the desired time 
constant required for the specific modeli ng purpose. While 
dense polar liquids, such as water, and some ferroelectric 
materials approximate well with the Debye response [7-9], it is 
hardly ever observed in condensed matter systems [10].  These 
types of systems can be characterised by the URL. 
2.2 THE UNIVERSAL RELAXATION LAW  
The URL developed by Jonscher [11] has been observed and 
confirmed many times experimentally since its introduction in 
1983 [10].  This empirical law observes that the ratio of the 
imaginary part of the susceptibility to the real part of the 
susceptibility is constant, and is characterised by the power law 
exponents, n and m.  This relationship can be seen in Figure  3 
and 4 below from [12]. 
 
Figure 3: The dielectric response of a dipolar dominated 
system obeying the URL along with the ideal Debye 
response.   
 
Figure 4: The dielectric response of a system dominated 
by hopping electrons or ions, obeying the URL.   
Figure 3 represents a dipolar dominated system.  It consists of 
two regions, separated at the frequency point,    which is the 
loss peak frequency.  The response of the high frequency 
region, at frequencies above the loss peak, will be characterised 
by the power law exponent, n.  Below the loss peak, the 
response will be characterised by the exponent m. 
Figure 4 illustrates the response of a system dominated by 
carrier processes, or the hopping actions of electrons or ions.  
The high frequency region above the cross over frequency     ,  
is identical to that of the dipolar dominated system discussed 
above and is characterized by a power law exponent n1.  
However, at low frequencies the response is  defined by a region 
which shows an ever increasing susceptibility (without any 
signs of saturation) and a power law exponent n2.  The effect in 
this region is referred to as Low Frequency Dispersion (LFD) 
and is at this stage not well understood [10].  It has been 
discussed in [10] that the physical reason for the URL and its 
power law dependence (rather than exponential in the Debye 
case) is because of interactivity in many body systems between 
dipoles.  This interactivity will be discussed in the next section. 
2.3 DIPOLAR SCREENING AND 
INTERACTIVITY [10] 
It is known that a dipole will produce a radial potential which is 
inversely proportional to the square of  the distance r from the 
centre of the dipole, for r>> l, the length of the dipole.  
However, if there are other dipoles in t he vicinity, their electric 
field will act to reduce the potential by a rapidly decreasing 
exponential rate, in addition to the usual radial reduction.  
Therefore, if the density of dipoles is large, the potential of each 
dipole will be reduced rapidly and therefore will not be able to 
be “seen” electrically at large distances.  This effect is called 
dipolar screening and is discussed at length in [10].   
If dipoles are within each others “dipolar scre ening radius” 
[10], that is the radius within which a dipole can still be “seen” 
electrically, then they will interact with each other.  This dipolar 
screening radius is dependent on the density of dipoles, and for 
dielectrics with a low number of dipol es the interactivity will be 
high, but for systems with a high density of dipoles, the 
interactivity will be low.  This level of interactivity affects the 
Universal Law’s power law exponent, n [10]. For highly 
interactive systems, such as XLPE, the exponent n will tend to 
unity and for dense liquid like systems (such as water), which 
are only slightly interactive; the exponent n will tend to zero.   
3.  RESULTS AND DISCUSSION 
3.1  THE TRANSITION FROM HEALTHY XLPE 
TO WATER TREE DEGRADED XLPE 
New XLPE, is known to be a very low loss polymer, with a 
high DC breakdown strength and very few polar impurities.  
This will lead to poor screening and a high interactivity 
between the dipoles.  This tends to make the dipolar response 
“rigid” and therefore gives a “flat loss”, or frequency 
independent response, with an exponent n approaching unity 
[10, 13].  This was indeed the type of response which was seen 
when Frequency Domain Spectroscopy (FDS) measuremen ts 
were performed on the new cables, as shown in Figure 5. 
When XLPE insulation initiates a water tree, it now becomes a 
type of hybrid insulation.  Water trees are often thought of as 
water filled micro-voids which have been observed anywhere 
on the scale between 5   m and  1   m in diameter [2, 14, 15], 
with connecting channels which, under low field conditions, are 
usually closed [14].  However, in [2]  it was suggested that 
along with these larger     m sized voids, there exists small voids 
or tracks that may be on the order of 5nm in diameter.   
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 Figure 5: “Flat loss” response for a new cable, with 
power law exponent n = 0.95. 
It is also known that these water filled voids contain a 
significant amount of ions in the form of dissolved salts (such 
as NaCl) [2, 16].  Therefore, when a water tree begins to grow, 
it is likely that two types of responses will be added to the flat 
loss type response detailed previously.  Firstly, in the voids 
themselves, there will be a polarisati on due to the movement of 
ionic charges.  Secondly, there will be a hopping ionic or 
electronic conducting component through the healthy XLPE to 
the electrode. 
If a water filled void exists inside the insulation and a voltage is 
applied across the insulation, there will be a certain magnitude 
of electric field inside the void, which will cause ions to migrate 
to the end of the void.  Therefore, if the ends of a void are only 
partially “blocking” i.e. charges can move beyond the void 
interior into the bulk insulation, there will be an increased 
charge flow through the healthy XLPE insulation due to the 
presence of these voids.  The type of charge movement through 
a solid such as XLPE is not a continuous flow, as is the ionic 
flow within the void.  The movement is called hopping 
conduction, as detailed in [10], and consists of random jumps of 
ions or electrons between preferred positions in the polymer 
matrix.  This type of behaviour gives a response shown in 
Figure  4, usually with an exponent n1 equal to approximately 
0.6-0.8 [9].   
3.2  FDS RESULTS FROM FIELD AGED 
 CABLES 
Frequency Domain Spectroscopy (FDS) tests were performed 
on a number of field aged XLPE cables, in 7.5m sections, taken 
from an appoximately 20 year old feeder, which had suffered 
failure due to severe water treeing.  At low voltage (200V) and 
high temperatures (40-50 degrees Celsius), loss peaks were 
observed for some of the aged cables.  Figure 6 shows the 
imaginary part of the susceptibility ''c , or the loss, of a field 
aged cable exhibiting such a loss peak. 
Loss peaks occur in systems dominated b y dipolar responses, 
however the cause of the loss peak in this cable cannot be due 
to the orientations of water molecules in the voids themselves, 
because the dipolar responses  of water molecules occur at 
much higher frequencies [7, 8].   
 
Figure 6: A field aged cable exhibiting a loss peak, 
n=0.66, m=0.2 
The loss peak shown above is most l ikely due to the movement 
of ionic charges which behave like dipoles in this context.  If 
the low frequency response (below approximately 10mHz) is 
examined, a possible LFD behaviour can be observed.  
However, as can be seen in Figure 3, systems dominated by 
dipolar responses do not exhibit LFD behaviour; only systems 
dominated by hopping conduction show this type of response, 
as shown in Figure 4.  Therefore, it is possible that the result 
shown in the above case is a hybrid system, exhibiting both 
dipolar and hopping conduction responses in parallel.  To 
explain this observed behaviour, the possible dielectric response 
of a water tree will now be examined.   
4. MODELLING OF WATER TREE 
Consider an ellipse shaped water filled void, with a length 2a 
and a width 2b, as shown in the diagram below: 
 
Figure 7: An ellipse shaped water filled void. 
Along with water molecules, there will also be a certain amount 
of ions present within the voids and it is known that ions will 
migrate under an electric field.  In the case of a void, the paths 
of these ions are restricted by the void geometry. Considering 
the case of a Na+ ion situated closely to a corresponding Cl - ion,  
this ion pair can be represented as an equivalent dipole which is 
at an angle cos     to the vertical axis of the ion pair, with a 
length equal to the void length, 2a.   
 
 
 
 
Figure 8: Representing an ion pair with an elementary 
dipole 
The moment of the equivalent dipole shown in Figure 8 can be 
described as: 
qd=m    (2) 
Cl- 
Na+ 
d 
1-nw
q
q
In terms of the angle    and the length of the equivalent dipole, 
the moment will be: 
qm cos2aq ´=     (3) 
If an electric field E is applied, the ions will travel away from 
each other under the influence of the field due to their 
respective mobilities in water.  As the distance between the two 
ions, d, increases, the angle     tends towards zero and the dipole 
moment tends to m  = q x 2a.  Therefore, at this point, the 
equivalent dipole is fully orientated to the field and its dipole 
moment is at a maximum. The time to orientate this equivalent 
dipole will be equal to the time taken for the ionic charges to 
migrate to their respective ends of the void.  The mobility of 
certain ions in water can be determined experimentally, and for 
Na+ and Cl- their mobilities are, from [17]: 
Na+: Vsm
281018.5 -´ ; Cl-: Vsm
281091.7 -´  
These mobilities are observed at 298K and at infinite dilution.  
The term infinite dilution effectively states that there are no 
interactions between ions, which is a simpli stic case.  It is 
known that interactions between ions will reduce their mobility 
[17], however at the present time, it is not know to what degree 
the mobility will be decreased.  For this case, only the 
mobilities at infinite dilution will be considered.   
Because the Na+ ion has the lowest mobility out of the ion pair, 
the maximum possible orientation t ime for an equivalent dipole 
will occur when an ion pair is situated very close to the end of a 
void which the Cl- ion would be migrating towards.  In this 
case, the Na+ ion will have to travel practically the entire length 
of the void, while the Cl - ion will have a negligible distance to 
travel.  Therefore, assuming a uniform electric field E 
throughout the void for simplicity, the maximum orientation 
time of an equivalent dipole, due to the ionic arrangement just 
described, would be equal to: 
  uE
d
to
max=
     (4) 
Where dmax is the maximum migration length, in this case it 
would be equal to 2a, for an ion pair loc ated directly in the 
horizontal centre of the void described above in Figure 8 and u 
is the ion mobility.  For simplicity, if the assumption is made 
that the above mobilities are uniform and constant for each 
ionic pair, then the time for an ion to traverse the length of the 
void will be uniform and constant for each ion.  Therefore, 
from this, it is possible to say that each equivalent dipole 
formed from these ion movements will be ind ependent of other 
equivalent dipoles and consequently non-interacting. They can 
therefore be described as Debye dipoles, with their complex 
permittivity expressed in (1).   The time constant,   ,  expressed 
in (1) can be determined as: 
  p
wt 1=
     (5) 
Where     is the loss peak frequency. This frequency is where 
the dipole polarisation has reached half its low frequency, or 
maximum value, which in terms of permitt ivity is denoted    .  
The polarisation of a single dipole is equal to its dipole moment 
as shown in equation (2). In the case of the elementary dipole 
discussed above, the maximum polarisation will  occur when 
cos   = 1, or when the ions reach the full extent of their 
movement within the void, which will occur at a frequency low 
enough to allow this to happen.  Therefore,     can be 
determined and from this, it is possible to calculate the 
dielectric response of the voids by using the Debye equation 
(1).  For each ion-based elementary dipole within the void, and 
for a bigger picture, within the water tree, there will be a 
different time constant t  and therefore a different loss peak 
frequency   .  The different time constant and loss peak 
frequency values will be governed by two sets of distributions, 
which will be discussed in the next section.  
4.1  TIME CONSTANT DISTRIBUTIONS 
4.1.1 VOID GEOMETRY 
Considering the geometry of an ellipse shaped void illustrated 
in Figure 7, if the simplistic view is taken and the ion pairs are 
considered to be spaced equally across the void in the y 
direction, then the ions in the centre of the void will have a 
greater range of motion than those at the edge of the void.  
Therefore, the time constant of the elementary dipoles, and the 
maximum polarisation of those dipol es in the centre of the void 
will be greater than those at the edge of the void.  By using the 
2-dimensional Cartesian equation which describes an ellipses’ 
geometry and assuming an average spacing between ion s, it is 
possible to determine the full extent of each ion pairs’ range of 
motion and therefore, their associated equivalent dipole time 
constant and strength of polarisation.  As said previously, the 
equivalent dipole at the centre of the void will have the highest 
time constant (lowest peak frequency) and also the highest 
magnitude of polarisation, compared to the equivalent dipoles 
at the edge of the void.   
4.1.2 FRACTAL DIMENSION OF WATER TREES 
AND A DISTRIBUTION OF VOID SIZES 
It is also expected that there will be a distributi on of void sizes 
within a single water tree.  Any distribution of size will lead to a 
distribution of time constants, the question now is: how can the 
distribution of void sizes within a single water tree be 
characterised?  The possible answer lies in the fractal 
dimension of a water tree.  Fractal objects are self-similar 
objects, self-similar meaning a repetition of similar geometric 
structures at different scales.  Fractal objects have non-integer 
dimensions as derived in [18] and an objects’ dimension can be 
determined by: 
r
ND
log
log
=
   (6) 
Where N is the number of self similar objects, and r is the 
“scaling factor”.  If a self similar piece of a fractal object is 4 
times smaller than the larger component that it is similar to, 
then this scaling factor will be equal to 4.  Water trees have 
been observed as being fractal objects, with fractal dimensions 
ranging from 1.6-1.9 [19-21].  By using the observed fractal 
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dimension of water trees, it may be possible to estimate the 
distribution of void sizes within a tree.  The methodology that 
may be used to do this will consist of using a discrete range of 
possible void lengths.  If the maximum void length is taken to 
be 5   m, and there is only one such void, then by using 
equation (6) it is possible to calculate the approximate number 
of voids with smaller lengths.  For instance, if it is desired to 
approximate how many voids there are with a length of 1   m, 
equation (6) can be re-arranged.  This gives N~13 for a fractal 
dimension equal to 1.6, which is the lower limit of the observed 
fractal dimension for water trees, quoted above.   
4.2  RESULTANT WATER TREE MODEL 
Using the physical description and distributions discussed 
previously, a modelling attempt has been made to describe the 
dipolar type response, using the equivalent dipoles discussed 
above, with the hopping ionic conduction response shown in 
Figure 4 not being considered.  This type of hopping 
conduction is a complex issue and modelling will be considered 
in future research.   
The modelling was performed firstly by estimating the total 
number of Na+ ions within a void of given geometry.   By 
taking a molar concentration of 0.1M NaCl, and by calculating 
the volume of a void, it was possible to determine the number 
of Na+ ions within a void.  By assuming an even spacing 
between such ions within the void, it was possible to calculate 
the number of ions spaced across the y-direction in Figure 7.  In 
this way, the effect of the geometry could be modelled.   
By utilising the fractal dimension of a water tree, as discussed 
above, and only using discrete void lengths, the distribution due 
to the variation in void lengths  could be estimated.  For each 
void size of different length, the geometric distribution was 
calculated, therefore these two types of distributions were 
“nested” within each other in the model.   
 
Figure 9: Initial model of loss with varying fractal 
dimension from 1.6-1.9 
The electric field was simplistically assumed to be constant 
throughout the entire tree and was calculated with a series 
resistive circuit, using a water tree conductivity equal to 
8101 -´ 1-Wm  as quoted in [16] and a standard healthy XLPE 
conductivity of 
18102 -´ 1-Wm .  By simulating an insulation 
25mm thick and using the void sizes which are determined via 
methods stated above, it is possible to calculate a simplistic, 
constant electric field throughout the tree.  Figure 9 shows the 
modelled results with different fractal dimension values and a 
maximum void length of 5  m, using the infinite dilution 
mobility discussed earlier.  The minimum allowed void length 
was set to 5nm.   
It can be seen that the fractal dimension when modified causes 
the high frequency slope to change.  The following table 
displays the observed high frequency power law exponent n 
along with the corresponding fractal dimension:  
Fractal Dimension n 
1.6 0.65 
1.7 0.73 
1.8 0.82 
1.9 0.89 
Table 1: Fractal dimension and observed exponent n 
If the ionic mobility or the electric field is varied in the model, 
the effect will be to shift the response curves horizontally in 
frequency.  For instance, if the ionic mobility is reduced to 10% 
of the infinite dilution value, the loss peak will be shifted to 
1Hz, rather than 10Hz, which is the result shown in Figure 9 
(for a fractal dimension equal to 1.6 ). 
If a typical ionic conducting response, with an exponent 
between 0.6-0.8, and the model produced above is combined, it 
is now possible to consider the case of charge flow beyond the 
extent of the water tree, that is, charge hopping through the 
healthy XLPE to the electrodes.  The results shown in Figure 
10 below are an illustrative example of how the shape of this 
combined model can closely resemble the response of the field 
aged cables, shown in Figure 6.  In the following case the 
fractal dimension is equal to 1.6 and the ion mobility has been 
reduced to 10% of the infinite dilution value.  The ionic 
conduction response has an n value of 0.7.   
 
Figure 10:  Combined water tree and hopping 
conduction model 
In the above figure, the loss magnitude is quite arbitrary as only 
one tree along with the hopping conduction response  is 
considered.  The shape and slopes of the responses are 
significant however.  In the above plot, the resultant exponent n 
is equal to 0.67 and m is equal to 0.1.  This matches quite 
closely with the field aged response shown in Figure 6. 
4.3 DISCUSSION 
By using the above model combined with a typical hopping 
conduction response, it is possible to see that the resultant 
response resembles the measured responses quite closely.  
However there are some simplifications/limitations that need to 
be stated: 
m
m
m
· The electric field has been calculated simply and is 
assumed to be uniform throughout the tree.   This will most 
likely affect the horizontal position of the response, in 
terms of frequency, rather than the slope.  
· The likely value of the mobility of the ions is unknown at 
this stage for finite dilution.  Because of ionic interactivity, 
it is known that it will be less than the infinite dilution [17], 
but to what magnitude is not known at this stage.  
As shown in the above model, it may be possible to estimate 
the dominant fractal dimension of a water tree in a degraded 
cable.  This could have interesting applications, because it is 
known that the less a tree branches, the lower its fractal 
dimension [18, 21].  For instance, it is known that electrical 
trees have an approximate fractal dimension of 1.3  [21], and 
this is because of their long, minimal branching type nature.  If 
a long vented tree, bridging a significant amount of the 
insulation is considered, it is likely that a tree of this nature will 
have a smaller fractal dimension than that of a small, higher 
branching type, bow-tie tree.   
5. CONCLUSION 
In this paper the basic principles that can describe the response 
of dielectric materials is discussed.  These principles have been 
used to analyse the effect of water tree degradation on the 
response of XLPE cables, and the results from measurements 
on field aged and new XLPE cable samples have also been 
examined.   From this analysis, a new model has been 
developed using the proposed Debye like behaviour of ionic 
charges, based on individual void sizes and their fractal 
distribution.  By combining this model with a typical ionic 
conduction response, a result that closely resembles that of the 
field aged cables has been produced.   
While there are some simplifications in the model, it is a useful 
starting point to analyse the physical characteristics and 
behaviour of water tree degraded insulation.  It has also raised 
the possibility of using a more refined model to estimate the 
dominant fractal dimension of a water tree degraded cable from 
FDS measurements.  This may allow the detection of cables 
which contain dangerous vented water trees.  These issues will 
be addressed in future work.   
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